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Principle of transmissibility
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REVIEW AND SUMMARY

FOR CHAPTER 3

In this chapter we studied the effect of forces exerted on a rigid
body. We first learned to distinguish between external and inter-
nal forces [Sec. 3.2] and saw that, according to the principle of
transmissibility, the effect of an external force on a rigid body re-
mains unchanged if that force is moved along its line of action [Sec.
3.3]. In other words, two forces F and F’ acting on a rigid body at
two different points have the same effect on that body if they have
the same magnitude, same direction, and same line of action
(Fig. 3.48). Two such forces are said to be equivalent.

Before proceeding with the discussion of equivalent systems of
forces, we introduced the concept of the vector product of two vec-
tors [Sec. 3.4]. The vector product

V=P XQ

of the vectors P and Q was defined as a vector perpendicular to
the plane containing P and Q (Fig. 3.49), of magnitude

V = PQ sin 60 (3.1)

and directed in such a way that a person located at the tip of V will
observe as counterclockwise the rotation through 6 which brings
the vector P in line with the vector Q. The three vectors P, Q, and
V—taken in that order—are said to form a right-handed triad. Tt
follows that the vector products Q X P and P X Q are represented
by equal and opposite vectors. We have

QXP=—(PxQ) (3.4)

It also follows from the definition of the vector product of two vec-
tors that the vector products of the unit vectors i, j, and k are

ixi=0 ixj=k jxi=-k

and so on. The sign of the vector product of two unit vectors can
be obtained by arranging in a circle and in counterclockwise order
the three letters representing the unit vectors (Fig. 3.50): The vec-
tor product of two unit vectors will be positive if they follow each
other in counterclockwise order and negative if they follow each
other in clockwise order.
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vectors P and Q were expressed [Sec. 3.5] as

V, = sz - P;Qy Rectangular components of vector product
Vy = P.0. — P.Q: (3.9)
V.= Pny - Per

Using a determinant, we also wrote

i j k
v=|p, P, P (3.10)
O Oy ©:
The moment of a force F about a point O was defined [Sec. =~ Moment of a force about a point
3.6] as the vector product
My=rXF (3.11)

where r is the position vector drawn from O to the point of appli-
cation A of the force F (Fig. 3.51). Denoting by 6 the angle be-
tween the lines of action of r and F, we found that the magnitude
of the moment of F about O can be expressed as

Mo = rF sin 0 = Fd (3.12)

where d represents the perpendicular distance from O to the line
of action of F. Fig. 3.51

The rectangular components of the moment Mg of a force F Rectangular components of moment
were expressed [Sec. 3.8] as

Y
M, =yF, — zF, )
M, = zF, — «F, (3.18) Fj
M, = xF, — yF, A
y Y i Z/A (x,y,2)
where x, y, z are the components of the position vector r (Fig. 3.52). ‘ _—
Using a determinant form, we also wrote / I i
N
i j k 0 ‘ -
Mo=|x y =z (3.19) F.k
F. F, F, -k

In the more general case of the moment about an arbitrary point /
B of a force F applied at A, we had 5

Fig. 3.52
i j k
Mg = |xa/B Ya/ Za/B (3.21)
F, F, F.
where x4/5, ya/5, and z4,5 denote the components of the vector
ra/B:
XA/B = XA — XB Ya/B = Ya — YB ZA/B = %A — ZB
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Rigid Bodies: Equivalent Systems of Forces

Scalar product of two vectors

Q

\79
P
Fig. 3.54

Projection of a vector on an axis

z Fig. 3.55
Mixed triple product of three vectors

In the case of problems involving only two dimensions, the
force F can be assumed to lie in the xy plane. Its moment My
about a point B in the same plane is perpendicular to that plane
(Fig. 3.53) and is completely defined by the scalar

Mg = (x5 — xB)Fy - (yA - yB)Fx (3.23)

Fig. 3.53

Various methods for the computation of the moment of a force
about a point were illustrated in Sample Probs. 3.1 through 3.4.

The scalar product of two vectors P and Q [Sec. 3.9] was de-
noted by P - Q and was defined as the scalar quantity
P-Q = PQ cos 0 (3.24)

where 6 is the angle between P and Q (Fig. 3.54). By expressing
the scalar product of P and Q in terms of the rectangular compo-
nents of the two vectors, we determined that

P-Q=P0Q,+PQ,+PO. (3.30)

The projection of a vector P on an axis OL (Fig. 3.55) can be ob-
tained by forming the scalar product of P and the unit vector A
along OL. We have

Por, =P-\ (3.36)
or, using rectangular components,
Por, = Py cos 0, + P, cos 0, + P_ cos 0. (3.37)
where 6., 6,, and 6 denote the angles that the axis OL forms with

the coordinate axes.

The mixed triple product of the three vectors S, P, and Q was
defined as the scalar expression

S-(PxQ) (3.38)
obtained by forming the scalar product of S with the vector

o
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S. S, S
S-(PxQ)=|p, P, P. (3.41)
Ox Qy O

where the elements of the determinant are the rectangular com-
ponents of the three vectors.

The moment of a force F about an axis OL [Sec. 3.11] was de-  Moment of a force about an axis
fined as the projection OC on OL of the moment Mg, of the force
F (Fig. 3.56), that is, as the mixed triple product of the unit vec- y
tor N, the position vector r, and the force F: L
MOLZA'MOZA'<I'XF) (342)
Using the determinant form for the mixed triple product, we have
Ae A, A
Mop, = | x y z (3.43)
F, F, F. -

where A, N, . = direction cosines of axis OL
X, y, z = components of r
F,, F,, F. = components of F z
Fig. 3.56

An example of the determination of the moment of a force about
a skew axis was given in Sample Prob. 3.5.

Two forces F and —F having the same magnitude, parallel lines Couples
of action, and opposite sense are said to form a couple [Sec. 3.12].
It was shown that the moment of a couple is independent of the
point about which it is computed; it is a vector M perpendicular
to the plane of the couple and equal in magnitude to the product
of the common magnitude F of the forces and the perpendicular
distance d between their lines of action (Fig. 3.57).

Two couples having the same moment M are equivalent, that is,
they have the same effect on a given rigid body [Sec. 3.13]. The sum
of two couples is itself a couple [Sec. 3.14], and the moment M of  Fig. 3.57
the resultant couple can be obtained by adding vectorially the mo-
ments M; and M; of the original couples [Sample Prob. 3.6]. It fol-
lows that a couple can be represented by a vector, called a couple vec-
tor; equal in magnitude and direction to the moment M of the couple
[Sec. 3.15]. A couple vector is a free vector which can be attached to
the origin O if so desired and resolved into components (Fig. 3.58).
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Rigid Bodies: Equivalent Systems of Forces

Force-couple system

Reduction of a system of forces to a
force-couple system

Fig. 3.60

Equivalent systems of forces

Further reduction of a system of forces

Fig. 3.59

Any force F acting at a point A of a rigid body can be replaced
by a force-couple system at an arbitrary point O, consisting of the
force F applied at O and a couple of moment My, equal to the
moment about O of the force F in its original position [Sec. 3.16];
it should be noted that the force F and the couple vector M, are
always perpendicular to each other (Fig. 3.59).

It follows [Sec. 3.17] that any system of forces can be reduced
to a force-couple system at a given point O by first replacing each
of the forces of the system by an equivalent force-couple system
at O (Fig. 3.60) and then adding all the forces and all the couples
determined in this manner to obtain a resultant force R and a re-
sultant couple vector Mg [Sample Probs. 3.8 through 3.11]. Note
that, in general, the resultant R and the couple vector M2 will not
be perpendicular to each other.

We concluded from the above [Sec. 3.18] that, as far as a rigid

body is concerned, two systems of forces, Fy, Fo, F5, . . . and Fy,
F5, F5, . . ., are equivalent if, and only if,
>F = 3F’ and M, = 2My, (3.57)

If the resultant force R and the resultant couple vector Mg
are perpendicular to each other, the force-couple system at O can
be further reduced to a single resultant force [Sec. 3.20]. This will
be the case for systems consisting either of (a) concurrent forces
(cf. Chap. 2), (b) coplanar forces [Sample Probs. 3.8 and 3.9], or
(c) parallel forces [Sample Prob. 3.11]. If the resultant R and the
couple vector M are not perpendicular to each other, the system
cannot be reduced to a single force. It can, however, be reduced
to a special type of force-couple system called a wrench, consist-
ing of the resultant R and a couple vector M; directed along R
[Sec. 3.21 and Sample Prob. 3.12].
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