Formulas for Optimal Order Size

Inventory and Cash Models

A number of models have been developed to derive optimal levels of inventory or cash.  Here are some well-known examples.

A Simple Inventory Model 

Everyman’s Bookstore experiences a steady demand for Principles of Corporate Finance from customers who find that it makes a serviceable bookend.  Suppose that the bookstore sells 100 copies of the book a year and that it orders Q books at a time from the publishers.  Then it will need to place 100/Q orders per year:

Number of orders per year = 
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Just before each delivery, the bookstore has effectively no inventory in Principles of Corporate Finance.  Just after each delivery it has an inventory of Q books.  Therefore, its average inventory is midway between 0 books and Q books:


Average inventory              =     Q/2 books

For example, if the store increases its regular order by one book, the average inventory increases by ½ book.


There re two costs to holding this inventory.  First, there is the carrying cost.  This includes the cost of the capital that is tied up in inventory, the cost of the shelf space, and so on.  Let us suppose that these costs work out to a dollar per book per year.  The effect of adding one more book to each order is therefore to increase the average inventory by ½ book and the carrying cost by ½ x $1.00 = $0.50.

Marginal carrying cost = 
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The second type of cost is the order cost.  Imagine that each order placed with the publisher involves a fixed clerical and handling expense of $2.  The bookstore gets a large reduction in costs when it orders two books at a time rather than one, but thereafter the savings from increases in order size steadily diminish.  In fact, the marginal reduction in order cost depends on the square of the order size.

Marginal reduction in order cost = 
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Here, then, is the kernel of the inventory problem.  As the bookstore increases its order size, the number of orders falls but the average inventory rises.  Costs that are related to the number of orders decline; those that are related to inventory size increase.  It is worth increasing order size as long as the decline in order cost outweighs the increase in carrying cost.  The optimal order size is the point at which these two effects exactly offset each other.  In our example this occurs when Q = 20:

Marginal reduction in order cost =  
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Marginal carrying cost =  
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The optimal order size is 20 books.  Five times a year the bookstore should place an order for 20 books, and it should work off this inventory over the following 10 weeks.  


The general formula for optimum order size is found by setting marginal reduction in order cost equal to the marginal carrying cost and solving for Q:


Marginal reduction in order cost = Marginal carrying cost
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In our example,
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Cash Balances

William Baumol was the first to notice that this simple inventory model can tell us something about the management of cash balances
.  Suppose that you keep a reservoir of cash that is steadily drawn to pay bills.  When it runs out you replenish the cash balances by selling Treasury bills.  The main carrying cost of holding this cash is the interest that you are losing.  The order cost is the fixed administrative expense of each sale of Treasury bills. 

In other words, your cash management problem is exactly analogous to the problem of optimum order size faced by Everyman’s Bookstore.  You just have to redefine variables.  Instead of books per order, Q becomes the amount of Treasury bills sold each time cash is replenished.  Cost per order becomes cost per sale of Treasury bills. Carrying cost is the interest rate foregone by holding cash.  Total cash disbursements take the place of books sold.  The optimum Q is:


Q =   
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Suppose that the interest rate on Treasury bills is 8%, but every sale of bills costs you $20.  Your firm pays out cash at a rate of $105,000 per month or $1,260,00 per year.  Therefore the optimum Q is:


Q = 
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    =  $25,100, or about $25,000
Thus your firm would sell approximately $25,000 of Treasury bills four times a month—about once a week.  Its average cash balance will be $25,000/2 or $12,500.


In Baumol’s model a higher interest rate implies lower Q
.  In general, when interest rates are high, you want to hold small average cash balances.  On the other hand, if you use up cash at a high rate or if there are high costs to selling securities, you want to hold large average cash balances.  Think about that for a moment.  You can hold too little cash.  Many financial managers point with pride to the tight control that they exercise over cash and  to the extra interest that they have earned.  These benefits are highly visible.  The costs are less visible, but they can be very large.  When you allow for the time that the manager spends in monitoring her cash balance, it may make sense to forgo some of that extra interest.
The Miller-Orr Model

Baumol’s model works well as long as the firm is steadily using up its cash inventory.  But that is not what usually happens.  In some weeks the firm may collect some large unpaid bills and therefore receive a net inflow of cash.  In other weeks it may pay its suppliers and so incur a net outflow of cash.


Economists and management scientists have developed a variety of more elaborate and realistic models that allow for the possibility of both cash inflows and outflows.  


Miller and Orr consider how the firm should manage its cash balance if it cannot predict day-to-day cash inflows and outflows.  The cash balance meanders unpredictably until it reaches and upper limit.  At this point the firm buys enough securities to return the cash balance to a more normal level.  Once again the cash balance is allowed to meander until this time it hits a lower limit.  When it does, the firm sells enough securities to restore the balance to its normal level.  Thus the rule is to allow the cash holding to wander freely until it hits an upper or lower limit.  When this happens, the firm buys or sells securities to regain the desired balance.

How far should the firm allow its cash balance to wander?  Miller and Orr show that the answer depends on three factors.  If the day-to-day variability in cash flows is large or if the fixed cost of buying and selling securities is high, then the firm should set the control limits far apart.  Conversely, if the rate of interest is high, it should set the limits close together.  The formula for the distance between barriers is


Spread between upper and lower cash balance limits = 



3( 3 x transaction cost X variance of cash flows )1/3 
4 interest rate
The firm does not always return to a point halfway between the lower and upper limits.  The firm always returns to a point one-third of the distance from the lower to the upper limit.  In other words, the return point is

              Return point = lower limit + spread


               3

Always starting at this point means the firm hits the lower limit more often than the upper limit.  This does not minimize the number of transactions –that would require always starting exactly in the middle of the spread.  However, always starting in the middle would mean a larger average cash balance and larger interest costs.  The Miller-Orr return point minimizes the sum of transaction costs and interest costs.  

Using the Miller-Orr Model

The Miller- Orr model is easy to use.  The first step is to set the lower limit for the cash balance.  This may be zero, some minimum safety margin above zero, or a balance necessary to keep the bank happy.  The second step is to estimate the variance of cash flows.  For example, you might record net cash inflows or outflows for the last 100 days and compute the variance of those 100 sample observations.  More sophisticated measurement techniques could be applied if there were seasonal fluctuations in the volatility of cash flows.  The third step is to observe the interest rate and the transaction cost of each purchase or sale of securities.  The final step is to compute the upper limit and the return point and to give this information to a clerk with instructions to follow the “control limit” strategy built into the Miller-Orr model. See the numerical example below.
A. Assumptions

1. Minimum cash balance = $10,000

2. Variance of daily cash flows = 6,250,000 (equivalent to a standard deviation of $2,500 per day)

3. Interest rate = .025 percent per day

4. Transaction cost for each sale of purchase of securities = $20

B. Calculation of spread between upper and lower cash balance limits:

             Spread = 3  
[image: image11.wmf](

)

3

/

1

rate

interest 

flows

cash 

 

of

 

 variance

X

cost 

on 

 transacti

X

 

1/4

 



  = 3 
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  =  21,634, or about $21,600
C. Calculate upper limit and return point:

            Upper limit =  lower limit + 21,600 = $31,600

            Return point = lower limit + spread = 10,000 + 21,600 = $17,200




    3                            3
D. Decision rule:

If cash balance rises to $31,600, invest $31,600 – 17,200 = $14,400 in marketable securities; if cash balance falls to $10,000 sell $7,200 of marketable securities and replenish cash.     

               This model’s practical usefulness is limited by the assumptions it rests on.  For example, few managers would agree that cash inflows and outflows are entirely unpredictable, as Miller and Orr assume.  The manager of a toy store knows that there will be substantial cash inflows around the holidays.  Financial managers know when dividends will be paid and when income taxes will be due.  We described how firms forecast cash inflows and outflows and how they arrange short-term investment and financing decisions to supply cash when needed and put cash to work earning interest when it is not needed.

                This kind of short-term financial plan is usually designed to produce a cash balance that is stable at some lower limit.  But there are always fluctuations that financial managers cannot plan for, certainly not on a day-to-day basis.  You can think of the Miller-Orr policies as responding to the cash inflows and outflows which cannot be predicted, or which are not worth predicting.  Trying to predict all cash flows would chew up enormous amounts of management time.  

                 The Miller-Orr model has been tested on daily cash-flow data for several firms.  It preformed as well as or better than the intuitive policies followed by these firms’ cash managers.  However, the model was not an unqualified success; in particular, simple rules of thumb seem to perform just as well.
  The Miller-Orr model may improve our understanding of the problem of cash management, but it probably will not yield substantial savings compared with policies based on a manager’s judgment; providing of course that the manager understands the trade-offs we have discussed.
� Let T = total order cost, S = sales per year, and C = cost per order.  Then T = � EMBED Equation.3  ���.  Differentiate with respect to Q: � EMBED Equation.3  ��� .  Thus, an increase of dQ reduces T by SC/Q2.


� W.J. Baumol, The Transactions Demand for Cash: An Inventory Theoretic Approach,”  Quarterly Journal of Economics, 66: 545-556 (November 1952)


� Note that the interest rate is in the denominator if the expression for optimal Q.  Thus, increasing the interest rate reduces the optimal Q.


� This formula assumes the expected daily change in the cash balance is zero.  Thus it assumes that there are no systematic upward or downward trends in cash balance.  If the Miller-Orr model is applicable you need only know the variance of the daily cash flows, which is the variance of the daily changes in the cash balance.


� For a review of test of the Miller-Orr model, see D. Mullins and R. Homonoff, “Applications of Inventory Cash Management Models,” in S.C. Myers, ed., Modern Developments in Financial Management, Frederick A. Praeger, Inc., New York, 1976.
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