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such that the conditions (5.2.7) are satisfied:

2 3
A = wi(x,) =cf + c5xe + Sx; + cix;]
dws
A= ——1" =—c5 —2c%x, — 3¢
2 d 2 3
X X=X,
e e e e e 2 e 3
A5 = wj,(Xe41) =€t CpXeq1 T C3X 4 F €4y
dws
A = - = —c5 — 2¢5% 041 — 3¢5
dx X=Xe+1
or
e 2 3 e
Af I x x; x; cq
e 2 e
A 0 -1 —2x —3x; I
L= | 5 3 e (5.2.9)
A3 Xetl  Xepq Xet1 €3
e 2 e
Ag 0 -1 —2xe11 —3x;, cy

Inverting this matrix equation to express c{ in terms of A{, Af, A%, and A, and substituting
the result into (5.2.8), we obtain

4
wi(x) = AT} + ASS + AShS + ALl =) Ao (5.2.10)
j=l1
where (with x,+1 =x, + h,)

¢€_1 3 X — Xe 2+2 X — Xe 3
L h, h,

2
¢§=—<x—xe><1—"_x“>
2 3
e _3 X — X, 5 X — X,
0i=3(%7) 2 (55)
. X — X, 2 X — X,
¢4:_(x_xe) |:< I’le ) - hg :|

Note that the cubic interpolation functions in (5.2.11) are derived by interpolating w as well
as its derivative dw /dx at the nodes. Such polynomials are known as the Hermite family
of interpolation functions, and ¢{ in (5.2.11) are called the Hermite cubic interpolation
(or cubic spline) functions. Plots of the Hermite cubic interpolation functions are shown in
Fig.5.2.4.

Recall that the Lagrange cubic interpolation functions are derived to interpolate a func-
tion, but not its derivatives, at the nodes. Hence, a Lagrange cubic element will have four
nodes, with the dependent variable, not its derivative, as the nodal degree of freedom.
Since the slope (or derivative) of the dependent variable is also required by the weak form
to be continuous at the nodes for the Euler—Bernoulli beam theory, the Lagrange cubic

(5.2.11)
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