FINITE ELEMENT ANALYSIS OF

A 1D MODEL PROBLEM
WITH A SINGLE VARIABLE

Finite element model development of a linear
1D model differential equation involving a single
dependent unknown (governing equations,

FE model development weak form).
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GOVERNING EQUATION

d d .
— (x)—u +c(x)u=f(x) In Q=(0,L)
dx dx
du .
ad—+b(u —u,) = P at a boundary point
X
Uo uninsulated bar
a=FEA
—»p . —epP
E A = 1(L) k4 / a= kA (L)
Uo
L - b=k L -
X, U X, U
Elastic deformation of a bar Heat transfer in a bar
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FINITE ELEMENT APPROXIMATION
(NEED FOR SEEKING SOLUTION ON SUB-INTERVALS)

Approximation of the actual solution
over the entire domain requires

higher-order approximation
Actual solution may be defined by
. Sub-intervals because of discontiuity
2 of the data a(x).

Approximation over sub-intervals
subintervals allows lower-order
Approximation of the actual solution
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FINITE ELEMENT DISCRETIZATION

Approximation over sub-intervals
subintervals allows lower-order
Approximation of the actual solution

A typical element
(geometry and “forces’)

0., O, end forcesor heats
h=x,—x, =elementlength
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WEAK FORM OVER AN ELEMENT

*p d du
0= J;a w{—d—x(a(x) d_j +c(x)u — f(x)} dx

Xb{ dw du
=J a——+cwu—wf
x| dx dx
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X

a——+cwu—w
dx dx 4

B rb dw du

_J'Xb_ dw du

a——+cwu—w
dx dx 4

Xp
} dx—{w-aﬂ}
dx |,

Heat/Force input

a

dx—w(xa)o(—a%j —w(xb)-(a%j

X X

a

dx—-w(x,)0, —w(x,) O,

Force out
2

1
)
X

. h, —]

— (a@j =0,

dx

€ = = ===

Heat input
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LINEAR AND BILINEAR FORMS
AND THE VARIATIONAL PROBLEM

Weak Form

o=(" ad—w@+cwu wf} dx—w(x,)0, —w(x,)-0,

dx dx

= _aﬂ@Jrcwu} dx—“xa wf dx +w(x,)0, +W(xb)'Qb}

L]
=
S

| dx dx

= B(w,u) —1(w)
Variational Problem: Find u such that
B(w,u) =1(w) holdsforall w

Bilinear Form and Linear Form

B(w,u) = J‘{a@@+cwu} dx, I(w)= U wf dx+w(x,)0, +w(x,)- Qb—‘

dx dx
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EQUIVALENCE BETWEEN MINIMUM OF A
QUADRATIC FUNCTIONAL AND WEAK FORM

Work done by

Quadratic Functional: Strain energy applied forces
I(u) =3 B(u,u)-1(u) / /
- J\Z N D
1 Xp du ) Xa
(2] o] e ore,
X, Xp

Variational Problem: Find u such that I(u) is a minimum:

ol =0= B(ou,u)—1(du)=0 forall ou

which Is the same as the weak form or the variational
problem with ou = w
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FINITE ELEMENT MODEL

Finite element approximation (to be derived later)

n

u(x) > U*(x) = D uip (x)

J=1

Finite element model

Ff = LbeWi dx+y,(x,) 0, +vy;(x,) O,
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APPROXIMATION FUNCTIONS FOR
LINEAR ELEMENT

u(x)=U(x)=c,+c,x

U(x) =c, +c,x

U(x,)=u, =u, Ulx,)=u, =u,

<—h —_—
‘ U(x,)=u, =c,+c,x, Lo WXy U, Uy =y
1= » G =
U(x,)=u, =c, +c,x, X, — X, X, —X,
Xp —X X—X
vy (x) = — . W, (x) = -
xb_xa ///5 xb_xa
e \/ u(x) =U(x) =c;, +c,x
5 U Xy, —UX, Uy —U
1=) (:)2 — 17%h 2" a _|_ 2 1 X
X 4_/16 - xb _xa xb_xa
X=X, X=X, =y (Duy +y, (X)u,
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ALTERNATE DERIVATION OF

APPROXIMATION FUNCTIONS
(Linear Element)

0, if i# : : :
w,(x,)=0, ={1 ” li] x, =x,, x, =x, (Interpolation functions)
) =]
U(x) =y, (), +, (x)u, Alternate derivation using
the interpolation property
X, —X X—X,
wl(X)Ex . s wz(x)zx .
b //\/?/ bRy (x) = 0y (x;, — )
m and y, (x,) =1 a, = (x, —x,)"
L ni—he — W, (x) =0,(x—x,)
X=X, X=X and w,(x,)=1->a, =(x, —x,)"
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ALTERNATE DERIVATION OF

APPROXIMATION FUNCTIONS
(Quadratic Element)

1

(@)

R
RN

T 5 3 Alternate derivation using
the interpolation property
',z/i‘z(a?_)‘r w/f(a?) Wi@) w§(\f) IT l//l(X) — al(xa +h—X)(xa _|_O.5h_x)

O AN 2N and v, (x,) =1 @, ==

1 2 3

h2
U(x) =y (uy +y, (Xu, +ys(Dus w,(x) =ay(x—x,)(x, +h—x)

and y,(x, +0.54) =1— a, =};iz
ws(x) =o05(x—x,)(x, +0.54—x)
‘ ] 2
X=X, x=x,+h, and y/3(xa+h)=1—)a3=—?
x=x,+0.5h,
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NUMERICAL EVALUATION OF COEFFICIENTS
for element-wise constant data

fe————|

Quadratic element: ; ° °
7 -8 1 T4 02 1] 0 (Ql\
k1= | -8 16 -g|+Sfe| 2 16 2| Fel= Johe 4l 1o
Bhe_ 1 -8 7_ 30 _—1 2 4_ 2 1 0, |
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NUMERICAL EXAMPLE -1

Problem: Wish to determine the deformation and stresses in
the three members of the structure.

Steel (B¢, A)

Rigid member (constrained  h, = 8ft., h, = 4ft, h, = 6ft,,

to move horizontally) d =0.5in., d, =0.875in.,
d,=1.0in., E, =30x10° psi,

E, =14x10° psi, E, =10x10° psi,
., A) P =30001b

Solution: (1) Note that the governing equation is

—i(EAﬂj =0 in each element
dx dx
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NUMERICAL EXAMPLE — 1 (continued)

(2) We use linear elements to represent the members of the
structure and label the elements, element nodes and global

nodes.
Steel (B, Ay Z Rigid member (constrained
Element to move horizontally)
node
numbers y
\%1 ;
T /
: Global
- XX , node
Brass (E,, A,) A numberS

(3) The element equations for a typical element are

(4, = EA,. ¢, =0, £, =0)
9
9,

EA | 1 -1||u;
h, |-1 1)|u;
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NUMERICAL EXAMPLE — 1 (continued)

(4) The displacement boundary conditions expressed in terms of
the global displacements are

U,=0, U,=0, U, =0

(5) The force equilibrium conditions are obtained by looking at
the equilibrium of forces on the rigid bar. We have

—0;+2P-0;7 -0 =0 - 0 +0;"+07 =2P

J. N. Reddy
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NUMERICAL EXAMPLE — 1 (continued)

(6) The equilibrium conditions suggest that we must add the
second equation of element 1, the second equation of element
2, and the first equation of element 3 so that we can replace
the sum of the Q’s with 2P. The element equations in terms
of the global displacements are

EA | 1 -1 Ui :/UTO_ Qi Ey 4| 1 -1 12: 2'9 le
no|-1 1t =u, |0 hy -1 1f|ul =Us] Q]

Egdy| 1 -1 ufo?ﬂ Qf
| -1 1 :/eqf(f 0

Using the fact that U,=U,=U,=0, we obtain
ElAl + E2A2 + ESAB
hl h2 h3

-0t v0re0-2r
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NUMERICAL EXAMPLE — 1 (continued)

Thus we can compute U, , which represents the elongation in
elements 1 and 2 and compression in element 3.

(7) We can then determine the member forces Q{ using

EA

E. A E, A
2(1) _ 171 U3, 2(2) _ h 2 U Q(3)

hl 2 3

3U3

The member stresses are then can be computed from

© g @ g ® g
0'(1): 2 = 1U3, 0-(2): 2 - 2U3, 0-(3)Q :__3U3
Al hl AZ h2 AS h3

This completes Example 1 (one can substitute the given
data to obtain numerical values of the displacements,
forces, and stresses Iin the members).
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NUMERICAL EXAMPLE — 2

Problem: Wish to determine the numerical solution of the
differential equation
d*u

dx?

u(0)=0, u«(1)=0

—u=—x°in0<x<1

Solution: We have the following correspondence compared
to the model eqguation:
*p

a=1 c=-1 f=-x°, ff ——j x“y, dx

X

a

(1) We wish to use a mesh of linear elements to solve the
problem. The equations of a typical element are

e I N G O I G B e O R I LA
h-to1] 61 2)Jlw] A |- -+ g D) O
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NUMERICAL EXAMPLE — 2 (continued)

(2) We consider a mesh of 4 linear elements (h = 0.25).
The element equations are

| 94
2| _97
L] 94
#1-97
L] 94
“1-97
| 94
| _97

(0.00130

9 b
0.00391|

(0.01432)

9 dah
0.02232)

(0.04297
0.05599 |

-+ 4

(0.08724
<
0.10547
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— o ——> ()
1 Q) 2 v

2 2
Ql()—>——>Q2()

2) 2

Q1(3) — o —— )(3)

® 2

Q1(4) — o ———> Q(4)

@ 2 -
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NUMERICAL EXAMPLE — 2 (continued)

(3) The boundary conditions are
U =0, U;,=0

The equilibrium conditions are

'iif\@ ______
@ / K ®

1 2 2

1 2 1 2

()
1

1 2) _ 2 (3) _ (3) (3) _ (4) (4) _
ét*f)—O’Qy+'1'—Q§b'+1 =0, 0,"+0;" =0
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NUMERICAL EXAMPLE — 2 (continued)

(4) The assembled equations are

[~ = r A

94 -97 0 0 0

——————————————————————————————

-

3

0.001302 0!

1
|| [0.018229) |Qi+OF

v =—30.065104% +< 02

J |0-143230) Qi+t

0.105470| | 0}

\

I

sGNNI

—| 0 -97 188 -97, 0
0 { 0 -97 188 -97

______________________________

0 0 0 -97 94

L 4075

w

(5) The condensed equations for the unknown U’s and Q’s are

[ 7.8333  —4.0417 o (U, (0.01823)
_4.0417 7.8333 —4.0417 JU, t = —40.06510
0 _4.0417 7.8333||U, | 0.14323
] v,
O! 3.9167 —4.0417 0 gl 0.001302) (0.09520
— 3 > =
o | 0 _4.0417 3.9167 U3 0.10547 0.26386
Sy
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NUMERICAL EXAMPLE — 2 (continued)
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1.0

Plot of the derivative

-0.15

of the solution
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