Cost of Capital Formulas

We have gathered together here (and in some cases repeated) the derivations of some of the formulas used in Chapter 19.  We cover five topics:

1. Deriving the WACC formula.

2. Does WACC necessarily decline when leverage increases?

3. Levering and unlevering.

4. The Miles-Ezzell formula.

5. The MM formula.

Deriving WACC

We start with a firm’s expected operating cash flows C1, C2, ... , CT.  With all-equity financing, these flows would be discounted at the opportunity cost of capital r.  But we assume the firm is financed with debt at a constant ratio L.  That is, it follows Financing Rule 2, so that D/V = L in each future period.


Consider firm value in the next-to-last period:  VT-1 = DT-1 + ET-1.  We can write the total cash payoff to debt and equity investors in two ways:



Cash payoff in T = CT + TCT rD DT-1
      = VT-1 (1+rD D/V + rE E/V)

TC rD D is the interest tax shield.  Equate the two expressions and solve for VT-1 as a function of CT.



CT + TC D = VT-1 (1 + rD D/V + rE E/V)
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The logic repeats for T-2.  Note that the cash payoff at T-1 includes VT-1: 



Cash payoff in T-1  =  CT-1 + TC rD DT-2 + VT-1




          =  VT-2 (1 + rD D/V + rE E/V)
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We can continue all the way back to t = 0:
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Does WACC necessarily decline as leverage increases?


The WACC formula seems to say that the cost of capital decreases with leverage because of interest tax shields.  That is not necessarily so.  Suppose, for example, that the extra personal tax on debt interest exactly offsets the advantage of the corporate interest tax shield. In that case



WACC = (1-TC) rD D/V + rE E/V = r,

and MM’s proposition II becomes rE = r + (r – rD (1-TC))D/E.

Also, the security market line would have to pass through the after-tax risk-free rate.


If your task is simply to estimate WACC at the firm’s existing debt ratio, you don’t need to know anything about taxes paid by investors.  But if you try to calculate WACC at a different debt ratio, you need to know how rD and rE change with leverage.  The relationships of rD and rE with D/V can depend on investor taxes.


In practice most financial managers do not try to adjust for investor taxes; they implicitly assume Tp = TpE.  We adopt this assumption below and in Chapter 19.

Levering and Unlevering


Here is a market-value balance sheet incorporating the value of interest tax shields.

	Firm value if

all-equity financed


	D

	PV(Tax shields)

 _____________
	E

______



	V
	V


Suppose PV(Tax shields) is exactly as risky as the firm’s assets and operations.  Then PV(Tax shields) is valued at the opportunity cost of capital r.  The overall rate of return demanded by debt and equity investors equals r, regardless of the size of PV(Tax shields).



rD D/V + rE E/V = r

This gives Step 1 of the three-step  levering/unlevering procedure (Section 19.3).  For Step 2, just solve for rE:


rE = r + (r – rD) D/E

In other words, taxes drop out of MM’s proposition II if investors value

PV(Tax shields) at the opportunity cost of capital r .


These formulas (and our three-step procedure) are not quite consistent with Financing Rule 2.  If debt is rebalanced every period, then next period’s interest tax shield is fixed by the current period’s debt level and interest rate.  The three-step procedure is correct only if debt is rebalanced continuously.  But the procedure is an excellent approximation in most practical settings. 

The Miles-Ezzell Formula


The exact procedure for levering and unlevering, given Financing Rule 2, uses the Miles-Ezzell formula, which can be derived as follows.  Start again at the next-to-last period T-1.  We want the adjusted cost of capital r( such that:



VT-1 = APV 
=   
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Note that D at T-1 equals L VT-1.  Then:




[image: image7.wmf]*

r

1

C

APV

C

r

1

r

1

T

Lr

-

r

1

APV

r

1

C

r

1

T

Lr

 

-

 

1

 

APV

T

T

D

C

D

T

D

C

D

+

=

=

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

+

+

+

+

=

÷

÷

ø

ö

ç

ç

è

æ

+


where r( = r – L rD TC
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You can easily confirm that the Miles-Ezzell discount rate works for T – 2, T – 3, etc.


With the Miles-Ezzell formula, you can lever or unlever WACC in one step; just plot r( as a function of L (but remember that rD depends on L).

Financing Rule 1 and the MM Formula


The MM formula: r( = r (1 - TCL) shows the implications of Financing Rule 1 (debt fixed). MM assumed a company or project generating a level, perpetual stream of cash flows financed with fixed, perpetual debt.  In that case:
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Since D = L ( APV,
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Therefore r* = r (1 – TC L).

The MM formula is exact only for perpetuities, but Myers shows that the formula does not lead to large valuation errors for shorter-lived projects,
  provided that debt is fixed by Financing Rule 1.



It’s interesting that WACC and the MM formula give the same answer for perpetuities, even under Financing Rule 1.  The market-value balance sheet is:

	             VA

	D

	             TCD

          ______
	E

______



	V
	V


where VA equals value under all-equity financing.  The weighted-average of the opportunity cost of capital for the left side of the balance sheet is r(VA/V) + rDTC(D/V).  This equals the weighted average return to investors.



rVA/V + rD TC D/V = rD D/V + rE E/V



rVA/V = rD(1 - TC)D/V + rE E/V = WACC

Note VA = V – TCD:



r (V - TCD)/V = WACC



r ( 1 – TCD/V) = r(1 – TCL) = WACC

In this setup, MM’s proposition II becomes



rE  =  r – (r – rD) (1-TC) D/E.

These MM formulas are still frequently used.  We believe, however, that the other formulas discussed in Chapter 19 and in this appendix are more reasonable and realistic tools for valuation.
�EMBED Equation.3���








�  See Further Reading for Chapter 19.
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